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Nonlinear dynamics of air invasion in one-dimensional compliant fluid networks
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Vascular networks exhibit a remarkable diversity of architectures and transport mechanisms across biological
systems. Inspired by embolism propagation in plant xylem, where air invades water-filled conduits under negative
pressure, we study air penetration in compliant one-dimensional hydrodynamic networks experiencing mass
loss by pervaporation. Using a theoretical framework grounded in biomimetic models, we show that embolism
dynamics are shaped by the interplay between network compliance and viscous dissipation. In particular, the
competition between two timescales (the pressure diffusion time, 7, and the pervaporation time, 7,,) governs
the emergence of complex, history-dependent behaviors. When gt ~ 7y, We uncover a nonlinear feedback
between the internal pressure field and the embolism front, leading to transient depressurization and delayed
interface motion. These results offer a minimal framework for understanding embolism dynamics in slow-
relaxing vascular systems and provide design principles for soft microfluidic circuits with tunable, nonlinear

responses.
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I. INTRODUCTION

Vascular networks are essential architectures in living
organisms, spanning a wide range of geometries and transport
strategies [1-6]. From distributing nutrients and signaling
molecules [7] to maintaining homeostasis, their functions
rely on designs that often reconcile transport efficiency
[8] with robustness [9]. These networks frequently exhibit
a coupling between flow and elasticity, termed hydraulic
compliance, where the fluid storage capacity depends on local
pressure [10].

This rich interplay has inspired the development of arti-
ficial fluidic networks, especially in the context of flexible
microfluidics [11]. These systems have revealed a diversity
of nonlinear dynamics [12,13], triggered by inertial effects
[14], nonreciprocal elements [15,16], or active boundaries
such as cilia [17]. Such mechanisms can lead to com-
plex and sometimes counterintuitive behaviors (e.g., the
emergence of the Braess paradox [18] or fluidic memory
elements [19]), highlighting the potential of nonlinear fluid-
structure interactions. In confined geometries, both elasto-
capillary [20-22] and elastohydrodynamic couplings [23-29]
have been harnessed to design responsive and/or adaptable
transport systems.

Among natural vascular systems, the xylem in plants is par-
ticularly intriguing [30-32]. It sustains upward water transport
from roots to leaves, driven by negative pressure gradients es-
tablished via leaf transpiration. Some species tolerate tensions
down to —10 MPa, yet drought-induced embolism (the entry
and spread of gas into xylem conduits) can severely disrupt
water transport, leading to plant decline or death [33-35].
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In leaves, embolism propagation has been directly visualized
using high-resolution imaging techniques like the “optical
vulnerability method” [36,37], revealing an intermittent pat-
tern, possibly governed by bordered pits acting as capillary
barriers. Furthermore, structural failure, such as wall buck-
ling or collapse, under extreme negative pressures has been
documented [38—40], pointing to a role of fluid-structure in-
teractions in embolism dynamics. However, despite progress
in imaging, the multiscale and rapid nature of embolism prop-
agation makes it difficult to access the full pressure dynamics
experimentally.

To bridge this gap, biomimetic approaches have been de-
veloped to replicate xylem behavior in controllable artificial
settings. Early models used hydrogels or silicone networks
to study transpiration [41,42], cavitation [43-46], and air-
seeding processes [47-49]. More recently, researchers have
mimicked bordered pits with microfluidic constrictions, im-
posing Laplace pressure thresholds that temporarily block air
invasion until pressure relaxation permits sudden jumps [50].
The elasticity of the channels plays a key role, modulating
how pressure evolves dynamically with volume loss by perva-
poration (mimicking evapotranspiration).

Recent work has shown that these principles can be
extended to channel arrays inspired by Adiantum leaves, re-
producing intermittent embolism dynamics consistent with
real leaves (Fig. 1, [51]). Yet, existing studies consider uni-
form liquid pressure and focus on pervaporation or capillarity,
neglecting viscous dissipation. This assumption breaks down
in networks combining wide channels (producing large evap-
oration fluxes) and narrow constrictions (with high hydraulic
resistance), where hydrodynamic pressure variations can rival
or exceed capillary thresholds.

In this work, we develop a model of embolism propagation
in compliant, xylem-inspired, one-dimensional fluidic
networks with significant hydrodynamic resistance. While
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Embolism spreading in Adiantum leaves

Embolism spreading in 1D 'biomimetic leaves'

1
09
7
= o 08
E6 g
g T g 07
=3 I £ 06
= o
24 = =
. I 7
£ 3 N 04
2 S
S 2 03
m 1 02
0.1
0

arrest

25 3 35 4 45 5 55 6 65 00

2000 4000 6000 8000 10000 12000 500 600 700 800 900 1000

t(s) t(s)

FIG. 1. Left: Picture of the embolism propagation in an Adiantum leaf (scale bar = 5 mm) and embolism growth as a function of time
for different veins. Courtesy of the authors of Ref. [51], where the analysis was carried out based on the experiments from Brodribb, et al.
[36]. For each vein, the dynamics is highly intermittent, with sudden sub-minute propagation events followed by hour-long periods of rest.
Right: Embolism dynamics in a one-dimensional pervaporating biomimetic network made with PDMS (seen from the top), where analogous
intermittent propagations were evidenced. Thanks to A. Pellegrin for the picture (whose vertical dimension represents 4 mm), and to the
authors of Ref. [51] for the data. The white vessels are embolized (full of air) while the gray ones are still full of water. Note that the curves
representing the embolized percentage of the networks exhibit a concave shape. This is a signature of a coherent network (regardless of the
number of channels Ny) where pressure variations are rapidly transmitted throughout the structure. The purpose of our current study is to
explore configurations where pressure diffusion is slower and where networks are less coherent.

the system is deliberately idealized and not intended to
quantitatively replicate plant xylem, it contains a minimal
set of physical ingredients (compliance, pervaporation, and
capillary thresholds) relevant to embolism dynamics in
synthetic and biological conduits alike.

By capturing the coupling between pervaporation-induced
flows, Laplace thresholds, and viscous pressure drops, we
explore how key design parameters govern the dynamics. In
particular, we demonstrate that when the pressure diffusion
timescale is comparable to or larger than the pervapora-
tion timescale, a nonlinear feedback emerges between the
embolism front position and the internal pressure field.
This coupling leads to complex, history-dependent dynamics,
where embolism progression is no longer solely dictated by
local capillary pressure thresholds but also by the evolving
pressure distribution across the network. This framework of-
fers interesting perspectives on embolism spreading in plants,
where pressure heterogeneity may naturally arise from long
transport paths and anatomical complexity. It also informs
the design of soft, nonlinear fluidic circuits with emergent
behaviors.

The paper is structured as follows. In Sec. II, we describe
the physical model and the architecture of the networks. In
Sec. III, we present the numerical resolution in both dis-
crete (Sec. Il A) and continuous (Sec. IIIB) settings, and
analyze how network topology influences pressure drops
(Sec. IID). In Sec. IV, we identify asymptotic regimes
where pervaporation dynamics are slow (Sec. IV A) or fast
(Sec. IV B) compared to pressure diffusion. We finally discuss
the broader implications for nonlinear transport in engi-
neered fluidic networks (Sec. V A) and plant physiology
(Sec. VB).

II. DESCRIPTION OF THE SYSTEM: PERVAPORATION,
ELASTOCAPILLARY, AND HYDRODYNAMIC COUPLING
OF THE CHANNELS.

We investigate series of Ny microchannels fabricated in
PDMS, each of length /, width w, and height h, separated by
constrictions of length /., width w,, and height 4. (Fig. 2).
In the numerical simulations, we restrict ourselves to con-
strictions having the same height as the channels (h = h,),
but in analytical expressions, we retain distinct notations to
clearly separate their geometric contributions. The total thick-
ness of the PDMS leaf H is uniform, such that the thickness
separating the ceiling of the microchannels and constrictions
from the external air is § = H — h. The configuration is a
dead-end series: the last (N(Sh) channel is closed by a wall,
and the first constriction is connected to the ambient air by an
opening. The thickness § is thin enough to enable a relatively
fast pervaporation flux. For water-permeable materials like
PDMS, the evaporation flux per unit length is given, following
Dollet, et al., by [48]:

o |w 2 (H +8)h H H+6

=l 2 () S (5 ) o
with jy = %’Dpc;a‘( 1 — RH), where h is the channel height,
H =38+ h, M and p are, respectively, the molar mass of
water and the density of liquid water, D, and c;‘“ are the
diffusivity and saturation concentration of water vapor in the
pervaporating material, and RH is the relative humidity of
the air surrounding the channel network. The second term in
the square brackets of Eq. (1) is a geometrical logarithmic
correction term to account for cases when the height of the
channel is comparable to the channel width and similar to
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FIG. 2. Illustration of a series of compliant pervaporating channels connected by constrictions. (a) Illustration of the embolism propagation
in the channel series. The width and length of the channels w and / and of the constriction are indicated, together with the pervaporation rate
J whose main contribution comes from the upper thin wall. In step i, the embolism front is halted at the constriction between channels i — 1
and i. To cross the constriction (step ii), pressure p;y; must drop below the Laplace pressure imposed by the constriction [Eq. (4)]. In step iii,
the embolism has fully invaded channel i, and the interface reaches the next constriction. Step iv is equivalent to step i but with the embolism
front, indexed by k, now located between channels i and i 4 1. (b) Scheme of the deformation of the channel when losing water volume by
evaporation. In this scheme, the channel dimensions %, w, [, and § are defined, as well as the section of the deformed channel S = Sy + AS
with Sy = hw the section at rest. (c) Pressure difference between two successive channels i and i + 1 generates a flow through the connecting

constriction.

or greater than the thickness of its upper wall (that is when
h~ w and h 2 §). Pervaporation causes a gradual loss of
liquid volume, leading to several possible consequences.

(i) In the absence of a gas phase, volume loss translates
into a pressure drop within the channel. For soft materials like
PDMS, this causes an elastic deformation of the upper wall.
To describe the relationship between the water volume lost by
the channel AV; and its pressure decrease p;, we define the
compliance C as: AV; = Cp;. We here use the notation p; for
the difference between the pressure in the channel i with the
atmospheric pressure in the air surrounding the PDMS leaf. In
the case of rectangular channels with thin upper wall (§ < w),
thin plate elastic theory enables us to express the compliance
as a function of the geometric dimensions of the channel and
the mechanical parameters of the elastic material [50,51]:

Iw 1 -2 )
~ 8 60E @
with E the Young modulus of the channel material and v its
Poisson’s ratio. In practice, we take v = 0.5, a standard value
for nearly incompressible PDMS elastomers.

(i1)) When a gas bubble is present, pressure differences
between adjacent channels drive water flow through the con-
strictions. The flow rate between channel i and i+ 1 is
governed by the hydrodynamic resistance R of the constric-
tion ¢; = P4 Assuming w. < h. = h, the hydrodynamic

resistance is expressed as [52]
1271, 1

i 3
hew? 1—0.63% ©)

with 1 the dynamic viscosity of the water.

When embolism propagates across the channel series, the
interface can only cross a constriction if the pressure in the
downstream channel drops below a Laplace pressure thresh-
old p.. For rectangular constrictions, a completely wetting
liquid, and assuming w. < A, the threshold Laplace pressure
is given by [53]

Pc = —VKe, 4)

+ ! — ! 2+ ! 5)
<w_c h_<:> n<hcw~:>7 (

and y the surface tension of water. Equations (1)—(4) provide
a consistent description of embolism dynamics under a set of
reasonable assumptions. Pressure is assumed homogeneous
within each channel owing to the high contrast in viscous
dissipation between channels and constrictions [Eq. (3)]. Con-
tact line pinning and additional contact line dissipation are
neglected. An inertialess Stokes flow regime is considered.
Finally, the channel deformation is treated within linear thin
plate theory [Eq. (2)].

with the curvature

1+1
Ke= — + —
¢ we  he
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TABLE I. Physical and geometrical parameters used in the model, grouped by category.

Category Parameter Symbol Typical value (unit) Fixed/Explored
Geometric (channels)
Number of channels No 10 or 64 Explored
Channel width w 50-600 um Explored
Channel length 1 0.5 0or Scm Explored
Channel height h 50 um Fixed
PDMS ceiling thickness 8 H—-h Fixed
Geometric (constrictions)
Constriction width W, 1-100 um Explored
Constriction length I 0.3-1000 mm Explored
Constriction height h, 50 um Fixed
Material properties
Young’s modulus of PDMS 1 MPa Fixed
Poisson’s ratio of PDMS v 0.5 Fixed
Fluid properties
Dynamic viscosity of water n I1x103Pa-s Fixed
Surface tension of water y 72 x 1073 N/m Fixed
Density of water Pw 1000 kg/m3 Fixed
Molar mass of water M 18 g/mol Fixed
Pervaporation parameters
Diffusivity of water in PDMS D, 1 x 1079 m?/s Fixed
Saturation conc. in PDMS i 40mol/m? Fixed
Relative humidity RH 0% Fixed

The full range of parameter values used in this study is
summarized in Table I. In the following sections, embolism
dynamics will be described in general terms, without making
further assumptions on the functional forms of R, C, j, and p..

III. EMBOLISM PROPAGATION AND PRESSURE
DYNAMICS IN ONE-DIMENSIONAL NETWORKS

A. Embolism dynamics in a discrete network of channels
and constrictions in series

In fluidic networks as represented in Fig. 2, the pressure in
a channel is coupled to the one in the other channels by the
constrictions that connect them and enable the fluid to flow
between channels. The dynamics of the pressure (p;) in the
channel i away from the embolism front is governed by the
pressure in the neighboring channels and their pervaporation
flux. One can write the following local water volume conser-
vation equation for the channel i:

ip{ _ (Pix1 —pi) — (i —pi-1) _Jjl
dr*” RC C

, (6)

which corresponds to the discretized version of a diffu-
sion problem with a discrete diffusion coefficient 1/RC
associated to a diffusion time RC. The first term on (6)’s
right-hand side accounts for pressure diffusion between neigh-
boring channels, while the second represents the pressure
drop induced by pervaporation. When the embolism front
is stopped at a constriction, the pressure in the channel (k)
next to the constriction at which the interface is stopped
evolves as

d Piv1 — Pk jl
_ Pl TP ) 7
ar Pk RC c @

When the pressure p; in the channel k reaches the Laplace
pressure of the constriction, p., the interface front moves
forward in the channel. We consider here that the mechanical
relaxation of the channel section is instantaneous after the
constriction jump, leading to a reduction of the filled length
of the channel to % =1+ %. This assumption is consistent
with the assumption made that the flow in constrictions is the
dominant dissipative process. Then, the water volume V; in
the draining channel decreases as

dV _ Pk Vi
e R T on

®)

We numerically solved (6)—(8) to capture the intermittent
dynamics of the embolism propagating through the series of
channels and constrictions. We first illustrate the effect of an
increase in the hydrodynamic resistance on advancing front
dynamics in Fig. 3. We can see the initial propagation of the
embolism is greatly delayed when hydrodynamic resistance
increases. This delay results from increased viscous dissi-
pation in the network, which weakens the pressure gradient
pulling the interface forward.

Figure 4 shows the typical evolution of the pressure with
time in the different channels of a relatively short [Ny = 10,
panel (a)] and relatively long [Ny = 64, panel (b)] series. In
this figure, we illustrate the successive steps of the pressure
dynamics in the networks as the embolism front stops at
a constriction and then progresses in the successive chan-
nel. Pressure dynamics in the channels exhibit pressure dips
associated with the passage of the embolism front through
the constrictions. On top of this impulse train dynamics, a
transient pressure minimum is observed, associated with sig-
nificant viscous dissipation occurring in the system.
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FIG. 3. Hydrodynamic resistance initially delays embolism front propagation, followed by a rapid “catch-up” dynamics. Position of the
front (channel index) versus time is plotted as hydrodynamic resistance R is increased. For vanishing hydrodynamic resistance (dark magenta),
the dynamics is that of a truncated exponential, as demonstrated by Dollet, er al. [47]. As R increases (lighter magenta), an inflection point
appears in the shape of L vs. ¢, a signature of the delay induced by the slow diffusion of the pressure in the resistive network. The values
of the pressure diffusion timescale 745 = NOZRC are expressed in the legend [see also Eq. (17)], and show that the inflection of the shapes
appears as Tqy becomes comparable to the duration of the network pervaporation. (a) Example with 1D networks of Ny = 10 channels and
with w =400 um, / = Scm, w, = 15um, and /. = 0.5, 15 or 50 mm. The embolism front advances intermittently, following the sequence
of steps illustrated in Fig. 2(a). (b) Example given with 1D networks of Ny = 64 channels (as in the following figures), with w = 400 um,
| =0.5cm, w, = 10, 15 or 30 um, and /. = 10 mm. See Table I for the other parameters considered in this study.

B. A continuum model for the embolism spreading

We now derive a continuous description of embolism prop-
agation from the discrete model, describing the propagation
of the liquid length L(¢) in the x direction, as well as the
pressure field p(x, t). The continuum description is valid when
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FIG. 4. Pressure dynamics in the channel series. (a) Pressure evolution in successive channels (color-coded) as a function of time, for
Ny = 10. (b) Depression in the successive channels, coded by color, as a function of time, for Ny = 64. Only a subset of 12 channels is
shown here. (c) Zoom on the pressure minimum (py,;, at time ¢*) observed in (b), where the series has significant hydrodynamic resistance.
(d) Pressure dynamics near a single embolism event (steps i—iv in panel a of Fig. 2).
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where Ly, the cumulated length of all the channels, is a finite
quantity and At corresponds to the time that the embolism
front takes to pass through a constriction and its following
channel. Following this procedure, Eq. (6) becomes
ap=Dolp— . (10)
where D = % with ¢ = R/l and ¢ = C/I. This equation is a
diffusion equation with a sink term (—j/c). Concerning the
boundary conditions, one has: in x = L, at the end of the
channel, 9, p = 0, since no flow occurs at the closed end of the
network; and, in x = Ly — L, at the interface, p = p. = y«.
[54]. Equation (10) is valid in the liquid-filled domain, whose
size decreases as much as the liquid pervaporates and the em-
bolism propagates. Thereby, it is more convenient to rewrite
the equation in a fixed domain by making the following appro-
priate change of spatial variable ¥ = 1 — L"L;X We then find
D J
Iz aZp— - (11)
which holds between ¥ = 0 (corresponding to x = Ly — L,
and where the boundary condition p = p. is imposed) and
X = 1 (corresponding to x = Ly and where the no-flux bound-
ary condition dzp is imposed). Equation (11) corresponds to
the diffusion equation (10) rewritten in the Lagrangian in-
terface reference frame. This variable change introduces an
advection-like term: (1 — %)/L - Ldzp.

The system of equations can be closed by expressing vol-
ume conservation at the interface:

LS. = d.p(Ly — L, 1), (12)

with S = Sp + Cp./l the section of the channel when the
pressure equals the Laplace pressure of the constriction (the
condition to jump the constriction). From integration of (10),
one obtains the following equation for L:

1—x.
op+ TLaxp =

SeL + (j + aS)L =0, (13)
with 9,8 = ¢ fol 3, p(x, t)d%. Note that Eq. (13) is equivalent
to the global volume conservation condition V = —jL (see
Appendix A).

C. Comparison with nondeforming systems

We now want to more tightly relate our continuous model
given by Egs. (11) and (13) with the simpler model of drying
channels having negligible compliance hydrodynamic resis-
tance. Let us first note that, even if 3,5 does depend on L
(via p), one can integrate this equation for L as if 3,5 was
a prescribed function of 7. Thereby, one gets

"i4+9S
L =Lyexp —/ H_—tdt'
0 Sc
t 1 ! ~ ~
=Loexp|[ —— ) exp —/ clpe — px,t)ldx ), (14)
Tpv Se Jo

where we introduced Ty, the characteristic pervaporation time
of the channel series

Se
T = 5. (15)
M

This equation directly matches the case of infinitely rigid
channels with negligible viscous dissipation reported by
Dollet, et al. [47]:

L(t) ~ Loe /™, with g = So/j, (16)

in the limit of negligible meniscus evaporation. In the latter
case, the interface progression is straightforwardly forced by
pervaporation in the absence of compliance of the network.
For compliant systems, looking at the right-hand side of
Eq. (14), one can see that, in the case where all the volume lost
by pervaporation is translated into channel depressurization,
that is when ¢(p. — p(X, t)) = jt, the interface front keeps
static, and one has L = Ly. Thus, in our configuration, the
channel section modification delays the effect of pervapora-
tion on the retraction of the interface, as the water loss is
compensated by depressurization and section reduction. Con-
versely, when the section relaxes, it pulls on the interface. This
effect renders interface dynamics more intricate than in the
rigid case [47,48,55].

D. Influence of the network design on the embolism dynamics

We conducted a parametric analysis of the discrete model
described by Egs. (6-8), varying the width of the channels
w and the width of the constrictions w.. The main outcomes
of this parametric analysis are summarized in Fig. 5, where
three archetypal cases are presented. For each column, the
successive rows present, respectively, the embolism front tra-
jectory [first row (I)], the channel depressurization dynamics
[second row (J)], and the evolution of the pressure P, [third
row (K)]. The first column (A) of Fig. 5 shows the results
for the case of a large constriction width (w, = 30 um) and
small channel width (w = 100 um). This design implies a low
hydrodynamic resistance R coupled with a low compliance C
of the channel. This case is analogous to the one described in a
recent study [51], where pressure tends to homogenize rapidly
after each jump of the interface that passes a constriction. The
second column (B) of Fig. 5 combines small compliance (w =
100 um) with large hydrodynamic resistance (w,. = 10 um).
A large pressure gradient appears quasi-instantaneously, with
a pressure minimum in the terminal channel that largely ex-
ceeds the capillary pressure of the constrictions. However,
the trajectory of the embolism front in the series is not af-
fected, such that cases A and B exhibit the same exponential
dynamics. Moreover, row (K) shows that cases (A) and (B)
have similar pressure profiles that all seem parabolic. Finally,
column (C) of Fig. 5 corresponds to a network with a large
compliance (w = 400 um) coupled to a large hydrodynamic
resistance (w, = 10 um). This design exhibits a large diffu-
sion timescale RC for the pressure. In this case, the trajectory
of the embolism front (Fig. 5.IC) is significantly modified
compared to previous cases. In Fig. 5.JC, a large depressur-
ization peak appears in the channel, as in Fig. 5.JB, but only
after a significant delay corresponding to about one third of
the total pervaporation time of the network. In Fig. 5.KC, the
pressure profile appears no longer parabolic, a consequence
of the strong coupling between the pressure field and the em-
bolism front dynamics. Indeed, initially, the pressure profile
is completely flat over a significant length away from the
embolism front. As the embolism front advances, the pressure
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FIG. 5. Parametric analysis of the discrete model. Resolution of Egs. (6)—(8), varying the design parameters of the series. The first panel
Line (I) represents the temporal evolution of the embolism front. The second panel line (J) plots the dynamics of the pressure in the channels.
The last Panel (K) line represents the temporal evolution of the embolism front. The second panel line plots the dynamics of the pressure in
the channels. The last panel line represents the pressure profile P, in the series where P, is the pressure at the channel » when the embolism
front just finished the draining of a channel. The series considered here have Ny = 64, [, = 1cm, / = Smm, and 2 = 50 um.

gradient expands further over the network. It is only when the
pressure gradient expands toward the terminal channel that
the latter starts to repressurize. The pressure typically diffuses
on the length Ny of the series with a characteristic time tyis
so that

L

tairr = NyRC = D

a7
Overall, the parametric analysis showed the strong influence
of the hydrodynamic resistance R and the compliance C on the
onset of nonlinear dynamics and the appearance of a strong
pressure minimum.

As we considered here long channel series (NVy = 64),
the main features observed from the discrete model (intri-
cate interface dynamics, pressure minimum, and pressure
gradient profiles) can be reproduced from the continuous
model of Eqgs. (11) and (13). We conducted a parametric
sweep of the continuous model varying several geometric
design parameters, whose output is represented in Fig. 6
as a phase diagram. The nondimensionalized phase param-
eters used in the diagram are tgifr/7py, Which increases

when pressure diffusion delay increases, and AS./Sy, which
characterizes the deformation of the channels owing to the
capillary pressure of the constrictions [56]. Note that the
continuous model was solved using a simplified version of
the pervaporation rate, only keeping the linear dependence
of j with the channel width and neglecting the corrective
terms of Eq. (1). The maximal deformation of the termi-
nal channel, ASyin/So, is observed to increase with Tgis/Tpy
(color shifting from blue to red). The ratio ppi,/p. of the
pressure minimum and the capillary pressure of the con-
striction is observed to decrease (marker size reducing) as
AS./Sp increases. It is also noteworthy that for a ratio Tgifr /Tpy
larger than one, the depressurization of the terminal channel
is so intense that a total collapse of the terminal chan-
nel is observed, with outcomes falling outside the validity
range of the current model. Channel collapses are marked on
the diagram.

In the following section, we explore how to rationalize
analytically the results obtained from the parametric analysis.
In particular, we look for the prediction of the amplitude and
time of appearance of the pressure minimum (respectively,
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FIG. 6. Parametric analysis of the continuum model of Eqgs. (11) and (13). The different design parameters of the series considered
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deformation of the terminal channel (AS,;,/So) and their minimal pressure (puin/p., log scale) over the course of the embolism propagation.
Crosses indicate cases where the terminal channel undergoes full collapse owing to insufficient pressure compensation. The data correspond
to a wide variety of design parameters with w € [50, 600] um, /. € [0.3;10%] mm, and w,. € [1;100] um.

Pmin and t*), as a function of the design parameters of the
fluid network.

IV. ANALYTICAL DEVELOPMENTS

In the previous part, we demonstrated that the collective
behavior of pervaporating channels can give rise to com-
plex, nonlinear dynamics. These nonlinear patterns are not
only observed at the interface, through constriction-induced
jumps [51], but also in the global pressure distribution, which
becomes inhomogeneous when the hydrodynamic resistance
R and compliance C are large. Two main regimes can be
distinguished depending on the ratio of the pressure diffu-
sion timescale Tgi to the pervaporation timescale ,y. In the
following, we provide analytical solutions for the pressure
dynamics for the first case (zgfr << Tpv). For the second case
(Taifr ~ Tpv), we also provide analytical estimates. We do not
consider here the regime g >> Tpy, as it leads to uncontrolled
channel collapse, where pressure relaxation is too slow to
compensate for pervaporation-driven volume loss. Overall,
the aim of this section is to rationalize the dynamics to expect
for any chosen design to provide predictive guidelines for the
design and analysis of both artificial and biological vascular
networks.

A. Networks with rapid pressure
diffusion: 74t < Tpy

1. Discrete model

For fully coherent networks where pressure relaxation
diffuses instantaneously on the entire network, the discrete
model of Egs. (6)—(8) can be solved analytically. Indeed,
one can consider that, after a constriction jump and a quick
transient time, the water flux and the pressure field reach
a (temporary) stationary state during the drainage of the

channel. This stationary state imposes that pressure suction at
each constriction equals the pervaporative loss of the upward
channels. Thus, during the stationary state of the drainage,
one has

Pi — Pi+1

R
In particular, this equation shows that the pressure difference
between successive channels should decrease with i as the cu-
mulated pervaporation flux of the upward channels decreases.
Notably, Eq. (18) gives that the pressure gradient 2=+ =
(No — i)jR, at a given channel position i is 1ndependent of
time for a given network. The speed of the interface, v =
% tjmm (NO k)J L= =Pkl noting k the index of the draining
channel, is 1tself not stationary; it decreases, as well as the
pressure gradient near the interface 2"+, when the interface
moves from a channel to the next (as k increases).
Equation (18) can be integrated to yield p; explicitly:

#)(i k). (19

= (Ny — ). (18)

pi=—Yk — le<N0 -

Here, —y« is the residual Laplace pressure of the channel &
that is draining [see Eq. (4)] considering the dimensions /# and
w of the channels). Equation (19) predicts that the pressure
profile of Figs. 5.KA and 5.KB is indeed parabolic. Noting
n =1i— k, the index of channels relative to the index k at
which the interface advanced, we can rewrite the equation as
”’ﬁ% = (Ngp — k)n — (n — 1)n/2. Thus, in rescaled pressure
units, curves of Figs. 5.KA and 5.KB indeed only depends on
the remaining liquid-filled length, and no other parameters of
the network.

Finally, one can notice that considering series without
pressure relaxation delay (tgifr < Tpv) 1S equivalent to consid-
ering a small number of channels Ny, so that during draining
all channels relax in response to the advancement of the
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interface. Ny has thus to be small compared to the number
of channels over which the pressure diffuses during drainage,

No RC >
of pervaporation of an individual channel and RC is the
characteristic time of diffusion of the pressure between two
channels. This is typically fulfilled when Ng K N*¥ = %,
that is, when 7gir < 7py. We can thus express the characteris-
tic number of channels N* for which the pressure relaxation
delay starts versus the geometric parameters of the series.
Assuming w, < h, = h (one has to inverse the order of w,
and A, in the following expression otherwise) and considering

only the first order dependence over the geometric parameters,

one gets
. h&*w3h,

N* can be considered as the critical network size, above which
pressure relaxation cannot keep pace with pervaporation, so
that nonlinear effects emerge. This equation indicates how the
design parameters of the network (N, [, w, h, ., w., h, and
§) should be selected in order to observe similar embolism
dynamics.

One can similarly express the maximal depression in the
terminal channel in leading order of the design parame-
ters with: leNO(Ag)H) x 8'5)[21;1 NO(A?“). Therefore, assuming
w > w,, the ratio between the minimal pressure in the ter-
minal channel py,;, and the Laplace pressure imposed by the
constriction goes as

1% Aldrain = \/ Lw/j where hw /Jj is the characteristic time

Pmin - wll. No(No + 1)
Pe Sw2h 2 '

2

Assuming a stationary pressure profile during drainage of
the channels leads to an analytical solution for the pressure
profile in the series. This enables us to rationalize the de-
pressurization peak observed at the terminal channel of the
series without pressure diffusion delay in the middle column
of Fig. 5 and to relate it to the series design parameters. In this
simplified case, the pressure gradient observed is merely the
suction profile needed to sustain the pervaporation flux, given
the viscous dissipation in the series.

2. Continuum limit

In the continuous description, the absence of delay in the
diffusion of the pressure relaxation implies that the pressure
gradient always drains as much water volume as it is lost by
pervaporation, i.e., that

1
= 0up(x. 1) = j(Lo — X)), (22)

which is the continuous equivalent of Eq. (18). Combined
with the volume conservation condition (12), it integrates into
L = Loe™"/™ for the liquid length (i.e., finding back the ex-
ponential decay from Dollet, et al. [47]), and for the pressure
field

Ly+L—x

plx, 1) = pe —j(x — (Lo — L)) 2

. e Lol + ey —x
= pe — tj(x — Lo(1 — e7"/™)) 5 :

(23)

which can be considered as the continuum version of Eq. (19).

The absence of pressure diffusion delay implies a clear
timescale separation between the evolution of L (having the
characteristic timescale ,y) and p (transiently adapting to any
change in L with characteristic timescale tqi). Here, p is
a fast variable (“slaved variable”), instantaneously adapting
to the slow evolution of L. In fact, Eq. (22) can be ob-
tained from integrating (11), supposing p is stationary and
L is constant, so that the evolution of the pressure field
is quasistatic (quasistationary) and overall evolves with the
characteristic time Tpy.

B. Networks with large pressure diffusion delay tgir ~ Tpy

We now turn to the opposite regime, where pressure dif-
fusion becomes comparable to pervaporation, leading to a
delayed depressurization and a stronger coupling between
pressure and embolism front dynamics.

1. Pressure minimum

For networks presenting large pressure relaxation delays,
the progression of the embolism front in the channel series
owing to pervaporation proceeds over similar timescales as
pressure diffusion in the network. Therefore, the embolism
dynamics proceeds from a tight coupling between these two
effects, such that both diffusion and interface advection terms
play a role in the dynamics of the pressure field. These pro-
cesses have, respectively, a typical timescale, Tgir and Ty,
and pressure in the network typically evolves with a timescale
given by the composition of both processes:

= Tpv Tdiff . (24)
Tpv + Tdiff

In the early times of the embolism spreading, the gradient
profile spreads slowly over the network. The pressure and
the section of the terminal channels only decrease owing
to the volume they lose by pervaporation, regardless of the
movement of the interface that does not influence them. A
minimum for the pressure pu;, is then reached at t* ~ 7%,
when a significant number of channels has been embolized
and the relaxation of the pressure has started to diffuse from
the front to the end of the channel. As shown in Fig. 7(a),
t* is indeed found to be of the order of ¥, with ¢* varying
between t* and 2t* for tgir/7py varying from 102 to 8.
Note that, close to Tgir /Ty = 1, we have t* = t*. Moreover,
data for t*/t* all collapse on a unique curve which varies
symmetrically around gt /Tpy = 1.

All the values of the minimal pressure py,;, for the different
design parameters are also found to collapse onto a single
curve when rescaling the depression pni, — pe by its value
in the quasistationary regime jzL3 and looking at the depen-
dence of this depression with the ratio gt/ 7py, as shown in
Fig. 7(b). This collapse suggests that the nonlinear interplay
between embolism front dynamics and pressure field evo-
lution is fully captured by the dimensionless ratio Tgif/Tpy-

Following this rescaling, noting p = I;:L%C and 7 = /1y, and
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further rescaling the liquid length as L = L/Lg, we can rewrite
the governing equations (11) and (12) as

1—-% . v 02p v
0p+ ——diLogp = 2P T (25)
Taiff L Tdiff
and
_ 050, 7
diL =2 (L 2 (26)

with initial conditions L =1 and p = 0 and boundary con-
ditions p(0,7) = 0 and 9zp(1,7) = 0. Although Eq. (25) is
reminiscent of a linear one-dimensional convection-diffusion
equation, the Lagrangian interface condition in Eq. (26) ren-
ders the problem nonlinear and spatially nonlocal, because the
advective velocity depends on the moving interface and on the
global pressure field. In the limit 7,y 3> 7aifr, as the advection
term becomes negligible compared to the diffusion term, we
recover the separation of variables discussed in paragraph
IV A2, as well as parabolic pressure profiles. In particular,
pressure rapidly relaxes to the quasistatic profile (23), while L
slowly evolves as exp(—f). Equations (25) and (26) show that
any parametric exploration of the embolism dynamics can be
reduced to a variation of the unique parameter gt/ Tpy for
the dimensionless variables p, L, and 7. Fig. 7(b) shows the
collapse of all the minimal pressure data of the parametric
exploration previously present in Fig. 6. Thus, p = ’;:L’:; is
found to be a decreasing function of 7y /Tpy. Interestingly,
this nondimensionalization may mask nonmonotonic depen-
dencies of pyi, on geometric design parameters. For instance,
Pmin 1S nonmonotonic with the width of the channels w ow-
ing to the competitive effect of w on gt /Tpy X w> and on
Jeld o w.

2. Embolism length dynamics

We now try to predict the dynamics of the liquid length
L. The speed of retraction of the interface is governed by the
pressure gradient at the interface as outlined by Eq. (12). Slow
diffusion confines the water injection, from the advancing
of the interface, and pressure relaxation is confined near the

interface, preventing the establishment of a stationary gradient
over the full system. Absence of pressure relaxation on the
terminal channels implies that all the water injected by the
moving interface is removed from the system by the pervapo-
ration over the length ~+/Dt where the gradient establishes
within time ¢. This hypothesis of limitation by the diffusion
and the compensation of the water fluxes, only valid for t <«
Tgiff ™~ Tpv, can thus be translated into

S.L ~ —j~/Dt, 27
which can be further solved into
5 .
L=1Lo— gﬁ)iﬁﬂ, (28)
or
L ; 2/ 1\
- =)l _ 2L (29)
Ly Tpv 3\ 1y

Figures 8(a) and 8(b) show that this behavior for L is indeed
observed for t < 7,,/4 universally in all the trajectories ob-
tained in the parametric exploration of the continuous model.
For t > 1, /4, L(t) starts to deviate from this behavior. In-
deed, the depression accumulated in the terminal channels
starts to diffuse and pull on the interface so that the catching-
up of pressure relaxation accelerates the movement of the
interface. Surprisingly, during this phase, the embolism tra-
jectories of the various series are still found to collapse in
Figs. 8(a) and 8(b). During this transition regime, the interplay
between the accumulated depressurization in distal channels
and the advancing interface results in an accelerating front,
even though pervaporation remains constant. This regime is
thus driven by delayed elastic recoil and restored pressure
communication. Eventually, when the liquid length L has
been significantly reduced, the pressure diffusion over the
remaining length becomes very fast and no more pressure
relaxation delays affect the embolism dynamics, such that the
quasistatic regime for p and the exponential decrease of L
are retrieved. Based on the previous observations, we build
a semi-analytical solution for L(#), smoothly transitioning
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between the diffusion-limited regime [Eq. (28)] and the qua-
sistatic regime [Eq. (23)], betweent = t* and r = 1.5¢™:

32

Ld] = Lo(l — grpvﬂ)
L(t) = \/L ) + L2 =

qsOSr*
Ly =Lte

fort < t*

fort* <t < 1.5t*

051*

fort > 1.57*.
(30)
-) is the liquid length ensur-

zpv

Here, L+ ~ Ly(1 — £ + 145;2
ing volume conservation if the embohsm dynamics were to
switch instantaneously from a diffusion-limited regime (Lg;)
to a quasistatic regime (Lg) at T* while conserving the water
volume. As shown in Fig. 8(b), this expression of L(¢) gives
a reasonable prediction of the complex trajectory of the em-
bolism depending on the design parameters of the network.
This analytical form provides a predictive tool for designing
microfluidic systems with targeted embolism dynamics by
tuning resistance and compliance.

V. PERSPECTIVES

A. Fluidic networks

Our results reveal how the interplay between compliance,
viscous dissipation, and pervaporation can drive rich and
nonlinear embolism dynamics in compliant microfluidic net-
works, dynamics which were previously unexplored.

Beyond embolism, nonlinear behaviors in related sys-
tems, such as memristor-like hydrodynamic resistance [19] or
fluidic Braess paradoxes [18], suggest that pervaporating net-
works may also exhibit unexpected emergent phenomena. In
our system, nonlinearity arises not from flow-rate-dependent
resistance but from the evolving functional topology of the
network, as the advancing embolism front dynamically alters
hydraulic connectivity. This mechanism bears similarities to
frangible porous media, where structural changes dynamically
influence transport [57,58].

Extending this framework from one-dimensional to two-
dimensional networks represents a promising next step,
as branched and looped architectures are expected to in-
troduce new collective behaviors and complex transport
regimes. Previous investigations in networks with fast

pressure diffusion evidenced embolism trajectories solely
controlled by capillarity [48,55]. In networks with slow
pressure diffusion, our work suggests more subtle and in-
tricate bubble propagation, and we can expect the induction
of preferential embolism propagation paths, spatially lo-
calized collapse zones, or even front bifurcations, effects
absent in one-dimensional networks. These investigations
could be relevant both for fundamental studies of nonlin-
ear dynamics [59] and for applications in adaptive fluidic
networks [60].

On the experimental side, future studies could be guided
by the design principles established here, leveraging re-
cent pervaporation-driven methods [61]. Previous PDMS
biomimetic leaves were operated in the coherent regime
[51,62], with 74 < Tpy (Keiser, et al. [S1]: tgir > 30 s,
7oy 2 2000 s). To access pressure-delay and the associated
nonlinearities with similar microfabrication, one can increase
the pressure-diffusion time tgir = NGRC by 10*~10° using
the same soft-lithography toolbox: raise R (narrower/longer
constrictions), raise C (softer/thinner walls, larger compliant
chambers), and increase the number of repeated elements Nj.
Such designs would generate front-coupled dynamics, while
remaining compatible with pervaporation-driven actuation.
Furthermore, experimental setups using PDMS microchan-
nels under negative pressure offer promising avenues for
validation [46]. The possible triggering of cavitation events in
regions far from the embolism front [63] could significantly
modify embolism progression patterns, opening new ques-
tions in the physics of drying fluidic systems, and in particular
for plant-inspired networks.

B. Embolism propagation in plants

While our model is designed as a minimal physical descrip-
tion of embolism dynamics in linear fluidic networks, it may
offer useful analogies for interpreting embolism propagation
in plant vascular systems, particularly in species with simple
or weakly branched architectures, such as Adiantum leaves
or nondividing stems [36,37,51]. In natural xylem networks,
additional processes, including lateral water storage and inter-
actions with living tissues, further complicate the picture [64].
Nonetheless, our model isolates a few key mechanisms (such
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as pressure diffusion delays and compliance-driven buffering)
that could be relevant under certain conditions. Embolism
propagation in plants has been reported to occur intermittently
and over a range of timescales [36], the origin of which re-
mains unclear. In this context, pressure diffusion delays could
contribute an additional dynamical ingredient.

It has been documented that pressure diffusion in liv-
ing xylem exhibits hydrodynamic delays set by hydraulic
resistance—capacitance (RC) effects, typically from minutes
to a few hours, in the absence of embolism [64-69]. In
tropical canopy trees, storage-driven lags of order tens of
minutes (up to about 1 h) are consistent with whole-tree
time constants near 0.5 h [66], and in loblolly pine, diur-
nal lags of about 30 to 60 mins were exhibited [67]. At
the leaf scale of woody angiosperms, dynamic and bulk
capacitances buffer changes in water potential on minute
timescales [64]. Theoretical capacitive models formalize these
trends with a characteristic time T = RC, predicting transients
spanning tens to about 200 mins for a monocot grass leaf
[68]. In plant-scale observations without embolism, the in-
termittency period is primarily paced by boundary forcing
(e.g., evapotranspiration or root water potential) interacting
with RC storage. By contrast, in our study, it emerges en-
dogenously from bordered-pit thresholding, where capillary
constraints intermittently arrest propagation until pressure
(tension) relaxes and re-establishes. Thus, our model provides
a quantitative baseline for reinterpreting intermittent em-
bolism sequences as delayed, RC-mediated pressure-diffusion
phenomena.

While we model pit membranes as idealized constrictions
with a capillary threshold, their actual structure is more com-
plex. Intervessel pits in angiosperms contain porous and often
deformable membranes [70], and gymnosperm pits include
specialized torus-margo valves [16,71]. These elements likely
influence embolism propagation in ways not currently cap-
tured by our model. Yet, the idea that the pit geometry sets
both a resistance and a capillary threshold remains qualita-
tively relevant.

Our findings suggest that large pressure drops may exceed
capillary thresholds. Extending this approach to reticulate net-
works could help explore preferential embolism routes [37]
or structural adaptations that maintain connectivity in vascu-
lar systems. Finally, the model opens the possibility that the
parameter L2, which governs pressure field evolution in the
continuous limit, could be of functional significance. Whether
such a quantity is constrained or tuned across species remains
an open question, but it may offer a useful perspective for
interpreting hydraulic behavior in terms of global network
properties.

VI. CONCLUSION

In this article, we theoretically investigated air invasion
in one-dimensional networks of compliant microchannels
undergoing pervaporation. While such systems were pre-
viously explored in our earlier work [51], we extended
the analysis by introducing a sufficiently large hydrody-
namic resistance in the constrictions, which induces signif-
icant pressure and deformation inhomogeneities along the
biomimetic veins.

We identified two key timescales that govern the dynamics
of this system: the intrinsic pervaporation timescale 7,, and
the pressure diffusion timescale tgir. When these timescales
become comparable (or when t4i¢r > Tpv) pressure within cer-
tain parts of the network, particularly near its distal end,
can drop well below the capillary threshold p. required for
embolism propagation.

By combining discrete network simulations and a con-
tinuum theoretical approach, we developed a predictive
framework for the embolism dynamics. Within the con-
tinuous description, we showed that the system behavior
could be fully captured by a single nondimensional param-
eter, Tgifr/Tpy [see Eqgs. (25) and (26)]. Furthermore, we
demonstrated that a diffusion-limited approximation cap-
tures essential features of the nonlinear dynamics and
provides a simple, semi-analytical understanding of interface
propagation.

Overall, the system analyzed here offers a fundamental
illustration of how nonlinear behavior can emerge in fluidic
networks owing to the coupling between the pressure field
and interfacial motion. Our model provides a basis for further
studies of nonlinear elastofluidic dynamics, both in the context
of sap flow in plants and in engineered microfluidic systems.
Extending this approach to branched or looped architectures,
or to networks exhibiting instabilities and multistable flow
paths, could reveal richer emergent phenomena.
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APPENDIX: GLOBAL VOLUME CONSERVATION
CONDITION IN THE CONTINUUM MODEL

We here demonstrate the equivalence of Eq. (13) with the
global conservation of the water volume that must be fulfilled
in the system. Noting V the total volume of water in the sys-
tem, global volume conservation can be expressed as follows:

V = —JjL. (A1)
Let us first note that V(t) = LI;O_L S(x,t)dx and S(x,t) =
So + ¢p(x, t), we have

Ly

V(t) = SoL(t) + c/ p(x,t)dx. (A2)

Lo—L

To get the derivative of the volume, one has to use the
Leibniz formula to account for the time dependency of the
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integral boundaries. This gives
V = SoL + cLop(x = Lo, 1)
d
- CE(LO —L)px=1Lo—L,1)

Loy
+c/ o p(x,t)dx. (A3)
Lo—L

AsLyisa constant, the first term vanishes, and noting that
§Lo—L)=—L, px =Ly — L) = pc and S¢ = (So + ),
one can reexpress the global volume conservation as

. . LO
V=LS + c/ o p(x)dx = —jL. (A4)
Lo—L
A change of variables ¥ = 1 — L"; * in the integral enables
us to simplify the expression and to retrieve Eq. (13).
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